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Abstract A simple kinetic model is presented for the
shear rheology of a dilute suspension of particles swimming at low Reynolds number. If interparticle hydrodynamic interactions are neglected, the configuration of
the suspension is characterized by the particle orientation distribution, which satisfies a Fokker-Planck equation including the effects of the external shear flow,
rotary diffusion, and particle tumbling. The orientation
distribution then determines the leading-order term in
the particle extra stress in the suspension, which can
be evaluated based on the classic theory of Hinch and
Leal (J Fluid Mech 52(4):683–712, 1972), and involves
an additional contribution arising from the permanent
force dipole exerted by the particles as they propel
themselves through the fluid. Numerical solutions of
the steady-state Fokker-Planck equation were obtained
using a spectral method, and results are reported for
the shear viscosity and normal stress difference coefficients in terms of flow strength, rotary diffusivity, and
correlation time for tumbling. It is found that the rheology is characterized by much stronger normal stress
differences than for passive suspensions, and that tailactuated swimmers result in a strong decrease in the
effective shear viscosity of the fluid.
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Swimming · Rheology
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Introduction
Suspensions of self-propelled particles, of which swimming microorganisms are a paradigmatic example, have
excited much interest over the last few decades owing
to their importance in biology and ecology [1, 2] and
to their potential uses in technological applications
[3–5]. Such ‘active’ suspensions differ from their passive
counterparts in that self-propelled particles inject energy into the suspending fluid as they move, resulting in
unusual and complex dynamics even in the absence of
any external forcing. Experiments have demonstrated
that this fundamental difference can result in concentration patterns and complex fluid motions akin to highReynolds-number turbulence [6–8], which in turn are
responsible for enhanced particle diffusion and fluid
mixing [4, 9]. These dynamics have also been observed
in simulations [10–16], and have been explained as the
nonlinear consequence of flow instabilities driven by
the particles [12, 13].
In addition to the dynamics that these suspensions
exhibit, their rheology is also of interest. As it propels
itself, a swimming particle is known to exert a net force
dipole on the surrounding fluid [10, 13] as a result
of the balance between the propulsive force exerted
by the particle and the viscous drag on its body. This
force dipole, of magnitude σ0 , can be of either sign
depending on the mechanism for swimming: a pusher
particle, which propels itself by exerting a force near
its tail, will result in σ0 < 0, whereas a puller particle,
which swims using its head, will result in σ0 > 0. In both
cases, the dipole induces a disturbance flow around
the particle, which results in hydrodynamic interactions
and is responsible for the dynamics described above.

1276

Exp Mech (2010) 50:1275–1281

In addition, we also expect it to modify the effective
rheology of the suspension.
This observation was previously made by Hatwalne
et al. [17], who generalized kinetic equations for liquid
crystals to model the rheology of active suspensions.
Their linear viscoelastic theory predicted a decrease in
the effective viscosity in the case of pushers (and an increase for pullers). More recently, Ishikawa and Pedley
[18] performed Stokesian dynamics simulations of suspensions of spherical ‘squirmers’, that swim as a result
of a prescribed slip velocity on their surface. In the
dilute limit, they found no change in effective viscosity
due to swimming (for non-bottom heavy particles),
a consequence of the spherical shape they assumed,
which results in an isotropic orientation distribution.
Using analytical calculations, Haines et al. [19] indeed
showed that if the orientation distribution is assumed
to be anisotropic, swimming does result in a change in
viscosity: using an ad hoc orientation distribution, they
also observed a decrease in viscosity in suspensions of
pushers.
In this work, we present a simple kinetic model
for the shear rheology of a dilute suspension of selfpropelled particles. Neglecting particle-particle hydrodynamic interactions, we extend previous work on
passive particle suspensions [20–26] to the case of active
suspensions. Numerical solutions for the orientation
distribution of a single rod in simple shear flow are
obtained from first principles by solving a FokkerPlanck equation, and are used to calculate the particle
extra stress as an average over orientations of the force
dipoles on the particles, which include contributions
from the external flow, Brownian rotations, and the
permanent dipole arising from swimming. The effects
of flow strength, rotary diffusion and particle tumbling,
all of which affect the orientation distribution of the
particles, are analyzed in detail.

Kinetic Model
We consider the dynamics of a single swimming particle placed in a simple shear flow with velocity field
u(x) = γ̇ y x̂, as depicted in Fig. 1. We denote by p the
particle director, which is a unit vector defining the
particle orientation and swimming direction relative to
the external flow. The configuration of the particle may
be represented by a distribution function (p), which
satisfies the Fokker-Planck equation [27]


1
1
∂
+ ∇p · (ṗ) − dr ∇p2  +
−
= 0,
∂t
τ
4π

(1)

Fig. 1 Shear flow of an active suspension. The particle director
p indicates the orientation of the particles and direction of swimming relative to the external flow

where ∇p is the gradient operator on the surface of
the unit sphere S. The distribution function is normalized by

(p) dp = 1,
(2)
S

which confers to (p) a mean value of 1/4π . In equation (1), ṗ denotes the rotational velocity of the particle
resulting from the local shear flow, and may be modeled
using Jeffery’s equation [28, 29] as
ṗ = (I − pp) · (βE + W) · p,

(3)

where E = (∇u + ∇uT )/2 and W = (∇u − ∇uT )/2 are
the constant rate-of-strain and rate-of-vorticity tensors
of the imposed flow, respectively, and β is a constant
parameter between −1 and 1 characterizing the particle
shape (β ≈ 1 for a slender particle).
In equation (1), the third term on the left-hand side
models rotary diffusion (with constant diffusivity dr ),
which may arise as a result of Brownian fluctuations
or may also model hydrodynamic rotary diffusion resulting from hydrodynamic interactions [10, 11]. Finally, the last term in equation (1), first proposed by
Subramanian and Koch [30], is used to model particle
tumbling as a Poisson process, with characteristic correlation time τ .
A few comments on the validity of the FokkerPlanck equation (1) are in order. The description of
the configuration of the suspension in terms of an
orientation distribution (p) implicitly assumes that
the suspension is homogeneous in space, which is a
valid approximation in the limit of infinite diluteness.
Indeed, particle simulations [10, 11, 15] have shown that
at low volume fractions swimming particles undergo
ballistic motions for most of the time, except for rare
particle-particle encounters during which their orientations change, resulting in an effective rotary diffusion
over long times. In this regime, the spatial distribution
of the particles may be considered homogeneous, and
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the configuration of the suspension is therefore well
captured by a Fokker-Planck equation for the orientation distribution with an effective rotary diffusivity, as
in equation (1). While in a real system this diffusivity
will be a function of concentration [10, 11], we here
assume for simplicity that it is a constant; including the
dependence on concentration would be straightforward
and would not modify the formalism described here. If
the concentration was to be increased beyond the dilute
limit, complex spatial distributions may also arise as a
result of hydrodynamic interactions [11–14] and could
only be accounted for through a more sophisticated
model, e.g. [13].
Once the orientation distribution (p) is known by
solution of equation (1), it can be used to evaluate the
stress tensor in the suspension. The total stress  is
expressed as the sum of the Newtonian stress and of
a particle extra stress:
 = −qI + 2μE +  p ,

(4)

where q denotes the fluid pressure and μ is the dynamic
viscosity of the suspending fluid. Following the classical
theories of Batchelor [20] and Hinch and Leal [23], we
define the extra stress  p as the configuration average
of the force dipoles S(p) exerted by the particles on the
fluid, which in the dilute limit is given by:

 p = nS(p) = n S(p)(p) dp,
(5)

if rotary diffusion is used to model hydrodynamic diffusion). Finally, the component of the stress resulting
from the permanent dipole due to swimming can be
expressed as [12, 13]

 = nσ0
s


I
pp −
,
3

(9)

where the dipole magnitude σ0 is a constant that depends on the precise mechanism for swimming and
can be interpreted as a measure of activity. For tailactuated swimmers or pushers, σ0 < 0, whereas for
head-actuated swimmers or pullers, σ0 > 0. It can be
shown from micromechanical models for single swimmers that σ0 is related to the swimming speed U 0 by
a relation of the type σ0 /μU 0 L2 = α, where α is a
dimensionless constant of same sign as σ0 . Note that
the level of approximation of equations (7)–(9) is consistent with the neglect of hydrodynamic interactions in
the Fokker-Planck equation (1), as it can be shown that
such interactions would result in O(n2 ) corrections to
the stress tensor (equation (5)).
We non-dimensionalize the equations using the following characteristic scales for stresses and times:
c

= n|σ0 |,

and tc =

π μL3
.
6|σ0 | log(2/ )

(10)

where n is the number density of the suspension. It
can further be decomposed as the sum of three contributions, arising from the external flow, Brownian
rotations, and the permanent dipole due to swimming:

The time scale tc can be interpreted as the characteristic
time for a particle to drag fluid along its length under
the effect of its permanent force dipole, or equivalently
as a characteristic time scale for swimming (owing to
the relationship between σ0 and U 0 ). We also define
the dimensionless rate of strain, rotary diffusivity and
correlation time as:

 p =  f + b + s.

γ̇˜ = γ̇ tc ,

S

(6)

The first two contributions also arise with passive particles and were obtained previously as [24]


I
f
(7)
 = nA pppp − pp : E,
3


I
b
 = 3nkT pp −
,
(8)
3
where pp and pppp denote the second and fourth
moments of (p) with respect to p. In equation (7),
A is a constant that depends on the particle shape.
In this work, we consider the case of a slender rod
of length L and inverse aspect ratio , for which it
can be evaluated using slender-body theory as A =
π μL3 /6 log(2/ ) [24]. In equation (8), kT denotes the
thermal energy of the fluid (or effective thermal energy

d̃r = dr tc ,

τ̃ = τ/tc .

(11)

With these notations, the steady-state FokkerPlanck equation (1) becomes


1
1
−
= 0,
γ̇˜ ∇p · (ṗ) − d̃r ∇p2  +
τ̃
4π

(12)

where ṗ has been scaled by γ̇ . Note that the steadystate orientation distribution really only depends on
two dimensionless groups, namely γ̇˜ /d̃r (which can be
interpreted as a rotary Péclet number) and γ̇˜ τ̃ . Equation (12) was solved numerically using a spectral expansion of the distribution (p) on the basis of spherical
harmonics, in a similar way as in the work of Chen and
Koch [25]. Harmonics of degree up to 40 were included,
corresponding to a total of 861 modes and ensuring
an excellent accuracy over the range of parameters
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considered here. Typical orientation distributions for a
few values of γ̇˜ /d̃r and γ̇˜ τ̃ are shown in Fig. 2, where we
find as expected that an increase in flow strength causes
the particles to align in the flow direction, whereas both
rotary diffusion and tumbling tend to randomize the
distributions.
Once the distributions are known, they can be used
to evaluate the particle extra stress using equations
(6)–(9). In dimensionless form,




˜ p = γ̇˜ pppp − I pp : E + (6d̃r ± 1) pp − I ,

3
3
(13)
where the plus sign corresponds to the case of pullers
(σ0 > 0), whereas the minus sign corresponds to pushers (σ0 < 0). Next, we present results for the dimensionless particle viscosity η p , first normal stress difference
coefficient ν p , and second normal stress difference coefficient κ p , defined by
ηp =

p
˜ xy

γ̇˜

,

νp =

p
p
˜ xx
− ˜ yy

γ̇˜ 2

,

κp =

p
p
˜ yy
− ˜ zz

γ̇˜ 2

. (14)

Fig. 2 Steady-state orientation distributions (p) for the simple
shear flow of a slender particle (β = 1) for various values of the
two dimensionless groups γ̇˜ /d̃r and γ̇˜ τ̃

Using equation (13), we find:
η p =  p2x p2y  +
νp =

(6d̃r ± 1)
 px p y ,
γ̇˜

(15)


 p3x p y  −  px p3y  (6d̃r ± 1)  2
 px  −  p2y  ,
+
γ̇˜
γ̇˜ 2
(16)

κp =


 px p3y  −  px p y p2z  (6d̃r ± 1)  2
+
 p y  −  p2z  .
γ̇˜
γ̇˜ 2
(17)

Results and Discussion
We first consider the case of smooth swimmers for
which tumbling is negligible (τ̃ = ∞) in Fig. 3. Figure 3(a) shows the effective particle viscosity η p versus
dimensionless shear rate γ̇˜ for both pushers and pullers
and for various values of the rotary diffusivity d̃r . In the
case of puller particles (full symbols), we find that the
viscosity is qualitatively similar to that of a suspension
of passive Brownian rods [22, 24, 25], and in particular
exhibits shear thinning. The effect of the rotary diffusivity is the clearest in weak flows, where an increase
in d̃r is found to result in a decrease in the zero-shearrate viscosity as a consequence of the randomization
of the orientations, which reduces the contribution of
the Brownian and permanent dipoles to the viscosity.
In all cases, however, activity increases the viscosity of
the suspension in the case of pullers: this effect could
easily have been anticipated from equation (15), where
we see that the permanent dipole due to swimming
results in an effective enhancement of the Brownian
contribution to the viscosity. The case of pushers (open
symbols) is more interesting, as Fig. 3(a) shows that
activity causes a significant decrease in the effective
particle viscosity η p , a result that once again could
have been anticipated from equation (15). The effect
is strongest in weak flows and even results in negative
values of η p for low values of the rotary diffusivity d̃r
and low values of the shear rate γ̇˜ (note that negative
values of η p are not unphysical, since η p only represents
the first correction to the Newtonian viscosity μ due
to swimming). Both observations (increase in η p for
pullers and decrease for pushers) are also consistent
with the previous predictions of Hatwalne et al. [17] and
of Haines et al. [19].
These trends can be explained more precisely using
an analytical expression for the zero-shear-rate viscosity η0p , which can be obtained from an asymptotic
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(a) 0.6

the contribution from swimming. In particular, we find
that activity always causes an increase in η0p for pullers
but a decrease for pushers, and that this effect is
stronger for small values of d̃r . Equation (18) also shows
that for pushers, a negative particle viscosity will occur
when d̃r < β/(2 + 6β), or d̃r < 1/8 in the case of slender
particles (β = 1). As seen in Fig. 3(a), this effective
viscosity is only negative up to a certain critical flow
strength γ̇˜c , beyond which it becomes positive again.
This is illustrated more clearly in Fig. 4, showing the
critical flow strength as a function of the rotary diffusivity: in particular, the range of flow strengths over
which negative viscosities occur decreases with d̃r , and
altogether disappears when d̃r > 1/8 in agreement with
the analytical prediction.
Results for the first and second normal stress difference coefficients are also shown in Fig. 3(b) and (c).
In the case of pushers, ν p > 0 and κ p < 0 as in the
case of passive rod suspensions, with extrema occurring
at zero shear rate. We find however that swimming
results in a strong increase in the magnitude of these
coefficients with respect to the passive case. The case
of pushers, once again, is more atypical, as it is found
that the first normal stress difference coefficient ν p is
decreased and can even become negative at low values
of d̃r , whereas the second normal stress difference coefficient κ p is increased and can become positive. For
both types of suspensions, we find that the magnitude of
both coefficients increases with decreasing diffusivity d̃r
(or equivalently with increasing activity), a trend easily
anticipated from equations (16) and (17).
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Fig. 3 Rheology of a suspension of smooth slender swimmers
(β = 1, τ̃ = ∞): (a) effective viscosity η p , (b) first normal stress
difference coefficient ν p , and (c) second normal stress difference
coefficient κ p versus dimensionless rate of strain γ̇˜ for suspensions of pushers and pullers

solution of the Fokker-Planck equation (12) in the limit
of γ̇˜ → 0, and is given by
η0p =

ηp > 0

1.6

-0.4

1
β
,
(1 + 3β) ±
15
30d̃r

(18)

in excellent quantitative agreement with the data of
Fig. 3. The last term in equation (18) corresponds to

0.8

ηp

>

ηp

0.3

0

0.4

0.0
0.001

0.01

~
dr

0.1

Fig. 4 Critical flow strength γ̇˜c below which a suspension of
smooth slender pushers (β = 1, τ̃ = ∞) exhibits a negative effective particle viscosity η p , as a function of dimensionless diffusivity
d̃r . Negative viscosities only occur for d̃r < 1/8, in agreement with
the theoretical prediction of equation (18)
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The effects of particle tumbling are shown in Fig. 5,
where η p , ν p and κ p are plotted versus flow strength
for various values of the tumbling correlation time τ̃
at a fixed value of the rotary diffusivity (d̃r = 0.1). The
main consequence of particle tumbling is to reduce
the effects of activity on the rheology. Specifically,

(a) 0.6

8
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Pullers, τ~= 1
Pushers, τ~=
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0.2
0.1
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8
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8
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Fig. 5 Effect of tumbling on the rheology of a suspension of
slender swimmers (β = 1): (a) effective viscosity η p , (b) first
normal stress difference coefficient ν p , and (c) second normal
stress difference coefficient κ p versus dimensionless rate of strain
γ̇˜ for suspensions of pushers and pullers, for a rotary diffusivity of
d̃r = 0.1 and for various values of the tumbling correlation time τ̃

the viscosity η p is reduced in the case of pullers and
enhanced in the case of pushers, for which it even
becomes positive again at sufficiently low values of
τ̃ . Similarly, the magnitude of all the normal stress
difference coefficients is reduced in the case of strong
tumbling (or low values of τ̃ ). These trends were to
be expected, as tumbling results in a randomization
of the orientations, and therefore in a reduction of
the swimming stress  s , which is proportional to the
nematic order parameter as seen in equation (9).
In summary, the dilute kinetic theory presented here
uncovered several interesting rheological properties of
suspensions of swimming particles. In particular, we
found that suspensions of pullers qualitatively behave
like suspensions of passive particles, but with an increased effective viscosity and increased first and second normal stress differences. Suspensions of pushers
are more atypical, and exhibit a strong decrease in
viscosity due to activity, which can even result in a
negative particle viscosity in weak flows. As discussed
above, pushers can also exhibit a negative first normal stress difference coefficient and a positive second
normal stress difference coefficient, in contrast with
passive suspensions. These unusual results are quite
interesting and make active suspensions of biological
or artificial microswimmers prime candidates for use
in applications requiring smart materials or fluids with
tailored rheological properties.
The decreased particle viscosity in suspensions of
pushers also bears implications for the dynamics of
these suspensions, as it may result in flow destabilization in some applications. In particular, it has been
conjectured [30, 31] that this decrease in viscosity is responsible for the flow instabilities and chaotic dynamics
that have been observed in both experimental [7] and
computational [11–13] studies of these systems.
An important assumption of the present theory is
the diluteness of the suspension, which allowed us to
neglect the spatial dependence of the distribution function  and to assume that the orientation distribution
is entirely determined by the external flow field. When
hydrodynamic interactions are taken into account, active suspensions in the absence of external forcing are
known to exhibit complex flows and coherent structures
[13]: it is unclear how these structures would evolve
in an external flow, nor how they would influence the
effective rheology of the suspensions. Answering these
important open questions will require improvements
upon the present theory to include these effects, for
instance by adapting the more general kinetic model
proposed by Saintillan and Shelley [12, 13] to the case
of flowing suspensions: this will be the subject of future
work.
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