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a b s t r a c t
The interfacial stability of an active viscous ﬁlm is analyzed theoretically. The ﬁlm, which rests on a ﬂat substrate
and is bounded from above by an air-liquid interface, contains a suspension of active particles such as swimming
microorganisms that self-propel, diﬀuse, and exert active stresses on the suspending Newtonian medium. Using
a continuum model for the conﬁguration of the suspension coupled to the forced Stokes equations for the ﬂuid
motion, we analyze the growth of linearized normal mode ﬂuctuations with respect to the quiescent base state.
In the absence of gravity, puller suspensions are found to be always stable, whereas ﬁlms containing pushers can
become unstable above a critical activity level where active stresses overcome the damping eﬀects of viscosity
and surface tension and drive interfacial deformations. Conﬁnement, diﬀusion and capillary forces all act to
stabilize the system, and we characterize the transition to instability in terms of the dimensionless parameters
of the problem. We also address the case of inverted ﬁlms subject to the Rayleigh-Taylor instability, where we
demonstrate that active stresses generated by pullers have the ability to stabilize gravitationally unstable ﬁlms
by counteracting the eﬀect of the gravitational body force.

Earnestly strains bloom
hastes the whisperer ﬂuid
swash reverberates
1. Introduction
The interaction of active particles with boundaries results in unusual
properties that hinge on their ability to self-propel in a noisy environment while inducing local ﬂuid ﬂows. In dilute systems, microswimmers
are known to accumulate at walls [1–4] where they display complex trajectories [5,6], swim against external ﬂows [7,8], glide around curved
pillars [9], and can show net rectiﬁed motion [10,11]. In semi-dilute
and concentrated suspensions of pushers, instabilities can be triggered
by active stresses resulting from microswimmer disturbances [12–14],
with the appearance of coherent structures and the generation of largescale ﬂows that are chaotic in bulk systems [15] but interact with boundaries in non-trivial ways [16]. Under conﬁnement, these instabilities can
lead to spontaneous pumping motions, such as the formation of steady
counter-rotating vortices in circular domains [17–19] and the emergence of unidirectional pumping states in periodic channels [19–21],
a phenomenon that can be explained based on an apparent reduction
in the system’s viscosity due to activity [22–24]. The control and regulation of these internally-driven ﬂows, while still in its infancy, could
be of great use for the design of microﬂuidic pumps and ﬂow actuation
∗

devices that rely on active suspensions for the conversion of chemical
energy into motion [25] without the need for externally actuated moving parts.
In many biological systems, active materials also come in contact
and exchange momentum with soft boundaries. Examples include the
spreading of bacterial swarms [26], cell migration during the formation of cancer metastasis [27,28], embryogenesis [29] and wound healing processes [30–33]. In these examples, boundary deformations as
a result of active stresses couple back to ﬂuid ﬂows and internal microstructural dynamics, leading in some cases to instabilities and selforganization. Reconstituted systems inspired by cellular dynamics have
also been of interest. In one example, Sanchez et al. [34] observed
the spontaneous motion of active drops containing a solution of extensile microtubules networks. In a related system, Keber et al. [35] considered active nematics encapsulated inside deformable lipid vesicles,
where complex unsteady deformations were reported. These observations have spurred various numerical [36,37] and theoretical [38–
41] models for the dynamics of active nematic droplets, either in bulk
or on surfaces, where active stresses can result in propulsion, spontaneous division or enhanced spreading. The dynamics of active nematic ﬁlms and their possible instabilities have also been explored in
a few models [42–44]. Our fundamental understanding of the interaction between active suspensions and soft boundaries remains, however,
limited.
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In this work, we focus on analyzing the forces exerted by a suspension of self-propelled particles on a deformable free surface and their
role in driving or stabilizing interfacial instabilities. More speciﬁcally,
we consider a planar liquid ﬁlm sitting on a ﬂat substrate and bounded
from above by a ﬂuid interface. The ﬁlm contains a suspension of selfpropelled particles, such as swimming microorganisms, which exert active stresses inside the liquid layer as they propel. We use a continuum
kinetic theory developed in our previous work [19] to model the conﬁguration of the suspension and its coupling to the mean-ﬁeld ﬂow, captured by the Stokes equations forced by an active stress tensor. These
stresses can generate ﬂuid motions that in turn aﬀect swimmer orientations and can drive the interface out of equilibrium. While our previous work [19] considered instabilities and spontaneous ﬂows in systems
conﬁned by rigid boundaries, our focus here is on the coupling of activity with the dynamics of the deformable interface. A linear stability
analysis is performed to elucidate the roles of active stresses, viscous
damping and capillary forces on the system’s stability. As we demonstrate, activity in suspensions of pushers tends to drive interfacial deformations and instabilities, whereas puller suspensions have a stabilizing
eﬀect that can in fact help suppress existing instabilities such as the
Rayleigh-Taylor instability of an inverted ﬁlm. Details of the model and
governing equations are presented in Section 2, along with their nondimensionalization in Section 3. The linear stability analysis is set up in
Section 4 and results are discussed in Section 5.

a dilute collection of self-propelled particles with constant swimming
velocity V0 oriented along a unit director p. In addition to swimming,
the particles are also subject to Brownian motion, with constant translational and rotational diﬀusivities dt and dr , respectively. The particles are assumed to be neutrally buoyant; as they swim, they exert active dipolar stresses on the suspending medium, with constant stresslet
strength 𝜎 0 [24,46]. The coeﬃcient 𝜎 0 is signed and depends on the details of the swimming mechanism; in particular, we distinguish between
so-called pushers (𝜎 0 < 0), pullers (𝜎 0 > 0) and movers (𝜎0 = 0).
The spatial and orientational conﬁguration of the suspension can be
described by deﬁning the probability density function 𝜓(x, p, t) of ﬁnding a particle at position x, with orientation p at time t. For convenience,
we also deﬁne its orientational moments over the unit sphere of orientations Ω:
𝑐(𝐱, 𝑡) =

𝐦(𝐱, 𝑡) =
𝐃(𝐱, 𝑡) =

We analyze the stability of a thin liquid ﬁlm of an active suspension resting over an inﬁnite planar rigid wall, as depicted in Fig. 1. The
suspending ﬂuid is incompressible and Newtonian, with density 𝜌 and
dynamic viscosity 𝜇. The ﬁlm is bounded from above by a deformable
air-liquid interface with constant surface tension Γ, and is subject to a
gravitational ﬁeld with potential 𝜙𝑔 = −𝜌𝑔𝑧. We denote by h0 the mean
ﬁlm thickness, and by 𝑧 = ℎ(𝑥, 𝑦, 𝑡) the liquid height at position (x, y)
as the interface deforms. For simplicity, we restrict our analysis to twodimensional deformations for which h ≡ h(x, t), and we do not expect
the physics to change qualitatively in the more general case. With this
parametrization, the unit normal and tangent vectors on the interface
are expressed as
(
)
(
)
−𝜕𝑥 ℎ, 0, 1
1, 0, 𝜕𝑥 ℎ
𝐧= √
, 𝐭= √
,
(1)
1 + (𝜕𝑥 ℎ)2
1 + (𝜕𝑥 ℎ)2

∫Ω
∫Ω

(3)

𝜓(𝐱, 𝐩, 𝑡) 𝐩 𝑑𝐩,

(4)

(
)
𝐈
𝑑𝐩,
𝜓(𝐱, 𝐩, 𝑡) 𝐩𝐩 −
3

(5)

𝜕𝑡 𝑐 = −∇ ⋅ 𝐅𝑐 ,
𝜕𝑡 𝐦 = −∇ ⋅ 𝐅𝑚 +

(6)
(

)
3
𝛽𝐄 − 𝐖 ⋅ 𝐦 − 2𝑑𝑟 𝐦,
5

(7)

𝜕𝑡 𝐃 = −∇ ⋅ 𝐅𝐷 + (𝐃 ⋅ 𝐖 − 𝐖 ⋅ 𝐃) − 6𝑑𝑟 𝐃
[
]
3
2
2
+𝛽 𝑐𝐄 + (𝐄 ⋅ 𝐃 + 𝐃 ⋅ 𝐄) − (𝐃 ∶ 𝐄)𝐈 ,
(8)
5
7
7
where Fc , Fm and FD denote, respectively, the zeroth, ﬁrst, and second
moments of the translational particle ﬂux:
𝐅𝑐 = 𝑉0 𝐦 + 𝐯𝑐 − 𝑑𝑡 ∇𝑐,
(

(9)

)

1
𝑐𝐈 + 𝐯𝐦 − 𝑑𝑡 ∇𝐦,
(10)
3
(
)
1
𝐅𝐷 = 𝑉0 ⟨𝐩𝐩𝐩⟩ − 𝐦𝐈 + 𝐯𝐃 − 𝑑𝑡 ∇𝐃.
(11)
3
𝑇
𝑇
Here v is the ﬂuid velocity, 𝐄 = (∇𝐯 + ∇𝐯 )∕2 and 𝐖 = (∇𝐯 − ∇𝐯 )∕2
are the rate-of-strain and vorticity tensors, respectively, and 𝛽 is the
so-called Bretherton constant [47], which characterizes swimmer shape
and is close to 1 for slender particles such as bacteria. The nematic ﬂux
FD involves the third orientational moment ⟨ppp⟩, for which a closure
approximation is needed. Here, we use a common linear closure in terms
of the polarization [45]:
𝐅𝑚 = 𝑉0 𝐃 +

while the interface curvature is given by
𝜕𝑥𝑥 ℎ
.
(
)2
[1 + 𝜕𝑥 ℎ ]1∕2

𝜓(𝐱, 𝐩, 𝑡) 𝑑𝐩,

where c is the concentration ﬁeld, while m and D are the unnormalized
polarization and nematic tensor ﬁelds. Following a standard approach
[45], governing equations for these moments can be obtained from the
Smoluchowski equation for the probability density function, yielding
the coupled set of governing equations

2. Theoretical model

𝜅 =∇⋅𝐧=

∫Ω

(2)

The model for the active suspension extends past formulations for
bulk and conﬁned microswimmer suspensions [14,19,45], and assumes

⟨𝑝𝑖 𝑝𝑗 𝑝𝑘 ⟩ =

]
1[
𝑚 𝛿 + 𝑚𝑗 𝛿𝑖𝑘 + 𝑚𝑘 𝛿𝑖𝑗 ,
5 𝑖 𝑗𝑘

(12)

which is a good approximation for orientational distributions that are
close to isotropy.
The boundary condition on the particles prescribes no translational
ﬂux. As the air-liquid interface is a material surface that moves with the
ﬂuid velocity v, we prescribe the no-ﬂux condition on the relative velocity between the interface and the swimmers, leading to the conditions:
𝐧 ⋅ (𝐅𝑐 − 𝐯𝑐) = 0

Fig. 1. Problem deﬁnition: a three-dimensional liquid ﬁlm of height h(x, t) containing a suspension of microswimmers rests on a ﬂat substrate.

at 𝑧 = 0, ℎ(𝑥, 𝑡),

(13)

𝐧 ⋅ (𝐅𝑚 − 𝐯𝐦) = 𝟎

at

𝑧 = 0, ℎ(𝑥, 𝑡),

(14)

𝐧 ⋅ (𝐅𝐷 − 𝐯𝐃) = 𝟎

at 𝑧 = 0, ℎ(𝑥, 𝑡),

(15)

which express the balance of self-propulsion and translational diﬀusion
at the boundaries.
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Assuming overdamped dynamics, the ﬂuid velocity ﬁeld v(x, z, t)
induced by the swimmers satisﬁes the Stokes equations forced by the
active stress contribution 𝜎 0 ∇ · D [24]:
∇ ⋅ 𝐯 = 0,

(16)

−∇𝑝 + 𝜇∇2 𝐯 + ∇𝜙𝑔 + 𝜎0 ∇ ⋅ 𝐃 = 𝟎.

(17)

and
[
]
−𝑝[1 + (𝜕𝑥 ℎ)2 ] − 2𝜕𝑥 ℎ 𝜕𝑧 𝑢 + 𝜕𝑥 𝑤 + 𝛼𝐷𝑥𝑧
[
]
+(𝜕𝑥 ℎ)2 2𝜕𝑥 𝑢 + 𝛼𝐷𝑥𝑥 + 2𝜕𝑧 𝑤 + 𝛼𝐷𝑧𝑧 = |𝛼|𝐶𝑎−1
𝑎𝑐𝑡 𝜅.
4. Linear stability analysis

We assume that the velocity satisﬁes the no-slip condition at the bottom
wall 𝑧 = 0. At the free surface, the dynamic boundary condition balances
viscous, active and capillary forces:
(
)
− 𝐓 + 𝜎0 𝐃 ⋅ 𝐧 = Γ𝜅 𝐧 at 𝑧 = ℎ(𝑥, 𝑡),
(18)

We use a temporal linear stability analysis to explore the role of active stresses in driving or suppressing interfacial instabilities. The base
state for the analysis is characterized by the absence of ﬂow and a ﬂat interface; it is calculated analytically in Appendix A. We perturb the shape
of the interface as a normal mode of the form ℎ = 1 + 𝜖 ℎ̂ ei𝐾𝑥+𝑆𝑡 with
𝜖 ≪ 1, where 𝐾 = 𝑘ℎ0 and 𝑆 = 𝑠∕𝑑𝑟 are the dimensionless wavenumber and growth rate, respectively. Accordingly, we also perturb the
probability distribution function (and hence the orientational moments)
as well as the ﬂow variables in the same way: 𝜓 = 𝜓 0 + 𝜖 𝜓̂ (𝑧)ei𝐾𝑥+𝑆𝑡 ,
𝐯 = 𝜖 𝐯̂ (𝑧)ei𝐾𝑥+𝑆𝑡 , 𝑝 = 𝑝0 + 𝜖 𝑝̂(𝑧)ei𝐾𝑥+𝑆𝑡 , where base state variables are denoted with superscript 0. Following a standard method, we linearize the
moment equations retaining terms of order 𝜖, and obtain a set of coupled
linear ordinary diﬀerential equations in z relating the unknown eigenmodes. We omit the full linearized system for brevity. Combined with
the linearized kinematic boundary condition 𝑆 ℎ̂ = 𝑤̂ at 𝑧 = 1, these differential equations, after discretization by a ﬁnite volume scheme, can
be recast in the form

where 𝐓 = −𝑝𝐈 + 𝜇(∇𝐯 + ∇𝐯𝑇 ) is the Newtonian stress tensor in the liquid, and 𝜅(x, t) is the local curvature deﬁned in Eq. (2). We also specify
a kinematic boundary condition:
𝜕𝑡 ℎ + 𝑢 𝜕𝑥 ℎ = 𝑤

at 𝑧 = ℎ(𝑥, 𝑡),

(19)

which states that the interface moves as a material surface.
3. Non-dimensionalization
We proceed to non-dimensionalize both the governing equations and
boundary conditions. We scale all the variables using time scale 𝑑𝑟−1 ,
length scale h0 , velocity scale h0 dr and pressure scale 𝜇dr . The probability distribution function 𝜓 is also scaled by the mean number density n.
This approach yields ﬁve dimensionless groups:
𝛼=

𝜎0 𝑛
,
𝜇𝑑𝑟

𝐺=

𝜌𝑔ℎ0
,
𝜇𝑑𝑟

𝐶𝑎𝑎𝑐𝑡 =

|𝜎0 |𝑛ℎ0
𝑉
, 𝑃𝑒 = 0 ,
Γ
𝑑𝑟 ℎ0

Λ=

𝑑𝑡 𝑑𝑟
𝑉02

𝑆𝐫 = 𝐌1 ⋅ 𝐪,

(30)

𝐪 = [𝑐̂, 𝑚̂ 𝑥 , 𝑚̂ 𝑧 , 𝐷̂ 𝑥𝑥 , 𝐷̂ 𝑥𝑧 , 𝐷̂ 𝑧𝑧 , ℎ̂ , 𝑢̂ , 𝑤̂ ]𝑇 .

(31)

i 𝑑 𝑤̂
.
𝐾 𝑑𝑧

𝑢̂ =

(32)

Inserting this relation into the x momentum Eq. (25) yields an expression
for the pressure:
1 𝑑 3 𝑤̂
𝑑 𝑤̂
i𝛼 𝑑 𝐷̂ 𝑥𝑧
−
+ 𝛼 𝐷̂ 𝑥𝑥 −
.
𝑑𝑧
𝐾 𝑑𝑧
𝐾 2 𝑑𝑧3

𝑝̂ =

[ (
)
]
1
𝜕𝑡 𝐃 = − ∇ ⋅ 𝑃 𝑒 ⟨𝐩𝐩𝐩⟩ − 𝐦𝐈 + 𝐯𝐃 − Λ𝑃 𝑒2 ∇𝐃
3
]
[
3
2
2
+ 𝛽 𝑐𝐄 + [𝐄 ⋅ 𝐃 + 𝐃 ⋅ 𝐄] − (𝐃 ∶ 𝐄)𝐈 + (𝐃 ⋅ 𝐖 − 𝐖 ⋅ 𝐃) − 6𝐃.
5
7
7
(23)

(24)
𝛼[𝜕𝑥 𝐷𝑥𝑥 + 𝜕𝑧 𝐷𝑥𝑧 ] = 0,

−𝜕𝑧 𝑝 + [𝜕𝑥2 𝑤+𝜕𝑧2 𝑤] + 𝛼[𝜕𝑥 𝐷𝑥𝑧 + 𝜕𝑧 𝐷𝑧𝑧 ] − 𝐺 = 0.

(33)

Eqs. (32) and (33) can be substituted into the z momentum Eq. (26) to
provide a fourth-order non-homogeneous ODE for the vertical velocity
𝑤̂ in terms of the nematic tensor components only:
[
]
̂
2 ̂
𝑑 𝐷̂ 𝑥𝑥
𝑑 2 𝐷̂ 𝑥𝑧
𝑑 4 𝑤̂
2𝑑 𝑤
4 ̂
2 𝑑 𝐷𝑧𝑧
− 2𝐾
+ 𝐾 𝑤 = 𝛼𝐾
−
+ i𝛼𝐾
+ i𝛼𝐾 3 𝐷̂ 𝑥𝑧 .
𝑑𝑧
𝑑𝑧
𝑑𝑧4
𝑑𝑧2
𝑑𝑧2

The dimensionless Stokes equations read

−𝜕𝑥 𝑝 +

𝐫 = [𝑐̂, 𝑚̂ 𝑥 , 𝑚̂ 𝑧 , 𝐷̂ 𝑥𝑥 , 𝐷̂ 𝑥𝑧 , 𝐷̂ 𝑧𝑧 , ℎ̂ ]𝑇 ,

Note that the oﬀ-diagonal components 𝐷̂ 𝑥𝑦 and 𝐷̂ 𝑦𝑧 of the nematic order
tensor are in general non-zero, but only appear in the problem as nonlinear contributions. 𝐷̂ 𝑦𝑦 is also non-zero but is easily obtained from 𝐷̂ 𝑥𝑥
̂.
and 𝐷̂ 𝑧𝑧 using the trace-free property of 𝐃
In order to transform Eq. (29) into an eigenvalue problem, we express
both 𝑢̂ and 𝑤̂ in terms of the orientational moments. From the continuity
Eq. (24), we ﬁrst note that

[ (
)
] (
)
1
3
𝜕𝑡 𝐦 = −∇ ⋅ 𝑃 𝑒 𝐃 + 𝑐𝐈 + 𝐯𝐦 − Λ𝑃 𝑒2 ∇𝐦 +
𝛽𝐄 − 𝐖 ⋅ 𝐦 − 2𝐦,
3
5
(22)

[𝜕𝑥2 𝑢 + 𝜕𝑧2 𝑢] +

(29)

where the matrix M1 is deﬁned from the governing equations and
boundary conditions, and r and q are both vectors of variables that are
discretized in space:

. (20)

The activity parameter 𝛼 is a dimensionless dipole strength and
compares active stresses to the dissipative eﬀects of viscosity and rotational diﬀusion. The gravitational number G represents the ratio of
gravitational forces to viscous forces. The active capillary number Caact
represents the ratio of active forces to capillary forces. The Péclet number Pe, which quantiﬁes the level of conﬁnement, compares the persistence length of the swimmers to the ﬁlm thickness. Finally, Λ is a
swimmer-speciﬁc parameter that compares Brownian diﬀusion to selfpropulsion. For convenience, we also deﬁne a viscous capillary number
𝐶 𝑎𝑣𝑖𝑠 = 𝐶 𝑎𝑎𝑐𝑡 ∕|𝛼| = 𝜇𝑑𝑟 ℎ0 ∕Γ, which quantiﬁes the ratio of viscous forces
to capillary forces and will be useful later on when comparing our predictions with classic results for passive viscous ﬁlms.
Upon scaling, the governing Eqs. (6)–(8) for the moments become
[
]
𝜕𝑡 𝑐 = −∇ ⋅ 𝑃 𝑒𝐦 + 𝐯𝑐 − Λ𝑃 𝑒2 ∇𝑐 ,
(21)

𝜕𝑥 𝑢 + 𝜕𝑧 𝑤 = 0,

(28)

(34)

(25)

The no-slip condition at the bottom wall translates into:

(26)

𝑤̂ =

The kinematic boundary condition of Eq. (19) remains unchanged.
The dynamic boundary condition of Eq. (18), after projection along
the tangential and normal directions, yields the two conditions at 𝑧 =
ℎ(𝑥, 𝑡):
[
]
(
)2
[
]
(27)
𝛼𝐷𝑥𝑧 + 𝜕𝑧 𝑢 + 𝜕𝑥 𝑤 (1 − 𝜕𝑥 ℎ ) + 𝛼(𝐷𝑧𝑧 − 𝐷𝑥𝑥 ) + 4𝜕𝑧 𝑤 𝜕𝑥 ℎ = 0,

𝑑 𝑤̂
=0
𝑑𝑧

at 𝑧 = 0.

(35)

At the free surface 𝑧 = 1, the tangential and normal boundary conditions
read
𝑑 2 𝑤̂
0
0 ̂
+ 𝐾 2 𝑤̂ = i𝛼𝐾 𝐷̂ 𝑥𝑧 + 𝛼𝐾 2 (𝐷𝑥𝑥
− 𝐷𝑧𝑧
)ℎ,
𝑑𝑧2
59
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and
−

)
𝑑 𝐷̂ 𝑥𝑧 (
𝑑 3 𝑤̂
𝑑 𝑤̂
4 ̂
+ 3𝐾 2
= 𝛼𝐾 2 (𝐷̂ 𝑥𝑥 − 𝐷̂ 𝑧𝑧 ) − i𝛼𝐾
− 𝐺𝐾 2 +|𝛼|𝐶 𝑎−1
𝑎𝑐𝑡 𝐾 ℎ,
3
𝑑𝑧
𝑑𝑧
𝑑𝑧
(37)

respectively. After discretization, Eqs. (32) and (34), along with boundary conditions (35)–(37), provide a system of algebraic equations
for the velocity components in terms of the nematic tensor. After
combining these equations with Eq. (29), we obtain an eigenvalue
problem of the form 𝑆𝐫 = 𝐌2 ⋅ 𝐫, where r was previously deﬁned in
Eq. (30) and M2 is a matrix of dimensions (6𝑁𝑧 + 1) × (6𝑁𝑧 + 1), where
Nz is the number of points used for the discretization of the domain in the vertical direction. This eigenvalue problem is then solved
numerically.
5. Results and discussion
5.1. One-dimensional perturbations
We ﬁrst analyze the stability to one-dimensional perturbations for
which 𝐾 = 0, where we explore the possibility of active stresses driving
unidirectional ﬂows within the ﬁlm. In this limit, the instability is not of
interfacial type, the air-liquid interface remains ﬂat, and the variables
depend on z only. In this special case, the dynamic boundary condition
simpliﬁes to a simple balance between active and viscous stresses. In
the base state, presented in Appendix A, there is no ﬂow and particles
accumulate at the boundaries as a consequence of the interplay of selfpropulsion and diﬀusion. This accumulation is accompanied by a net
wall-normal polarization proﬁle that is antisymmetric with respect to
the mid-plane, with particles pointing on average towards the boundary
closest to them [4].
Inspection of the linearized equations reveals that unstable eigenmodes only involve the horizontal velocity 𝑢̂ , streamwise polarization
𝑚̂ 𝑥 and component 𝐷̂ 𝑥𝑧 of the nematic order tensor; other variables do
not appear at linear order. Continuity requires that the vertical velocity
𝑤̂ vanishes, thus we follow a diﬀerent procedure to that introduced in
Section 4. Instead, we construct, in a similar way, an eigenvalue problem involving the linearized moment equations for mx and Dxz , where
we make use of the horizontal Stokes momentum equation. We solve the
problem numerically. Above a certain level of activity, suspensions of
pushers (𝛼 < 0) develop instabilities with a sequence of unstable modes
of increasing complexity. These instabilities are reminiscent of those observed in straight channels [19], with subtle diﬀerences arising from the
dynamic boundary condition at the free surface. Suspensions of pullers
(𝛼 > 0) are found to be always stable.
The ﬁrst three unstable modes are illustrated in Fig. 2. In the dominant eigenmode, a non-uniform shear ﬂow develops across the liquid layer. It both fosters and is driven by shear nematic alignment
𝐷̂ 𝑥𝑧 , which results is an active shear stress proﬁle. It is this feedback
loop that is the responsible for the instability in suﬃciently thick ﬁlms
and at suﬃciently high levels of activity, where active stresses become strong enough to overcome viscous dissipation and rotational
diﬀusion. Because most swimmers in the base state are concentrated
near the two boundaries, active stresses are strongest there, which
explains the non-uniform shear rate across the ﬁlm, with a nearly
constant velocity proﬁle in the bulk of the ﬁlm; stronger velocity
gradients arise near the boundaries, including at the free surface. This
non-uniformity across the ﬁlm is especially noticeable in weakly diﬀusive systems (small values of Λ) in which wall accumulation is strong. It
might seem counter-intuitive that the shear rate does not vanish at 𝑧 = 1;
this stems from the fact that viscous stresses must balance the tangential active stresses exerted by the nematically aligned bacteria along the
interface. In the ﬁrst unstable mode, the ﬂuid velocity increases monotonically with vertical position, reaching its maximum value at the free
surface.

Fig. 2. First three unstable eigenmodes for one-dimensional perturbations (𝐾 =
0) in a suspension of pushers for the choice of parameters: 𝑃 𝑒 = 0.5, Λ = 0.2 and
𝛼 = −50. Linear unstable modes only involve the horizontal velocity 𝑢̂ (a), horizontal polarization 𝑚̂ 𝑥 (b) and the oﬀ-diagonal component 𝐷̂ 𝑥𝑧 of the nematic
order tensor (c). The net bacterial horizontal velocity 𝑈̂ 𝑛𝑒𝑡 = 𝑃 𝑒 𝑚̂ 𝑥 ∕𝑐 + 𝑢̂ , deﬁned
as the sum of self-propulsion and advection, is also shown in (d).

Another consequence of the ﬂuid shear across the ﬁlm is the development of streamwise polarization 𝑚̂ 𝑥 . This results from the wall-normal
polarization in the base state, which after rotation in the local shear acquires a streamwise component. Given the shear proﬁle, particles near
the bottom wall reorient against the ﬂow, as is well known to occur
in pressure-driven ﬂow [4] and in spontaneous ﬂows in microﬂuidic
channels [19]; near the free surface, however, streamwise polarization
is in the same direction as the ﬂow. This results in an eﬀective population splitting of the particles near the bottom and top surfaces, as
was also previously predicted in an imposed shear ﬂow [48]. The net
swimmer velocity has contributions from both self-propulsion and advection by the ﬂow: 𝑈̂ 𝑛𝑒𝑡 = 𝑃 𝑒 𝑚̂ 𝑥 ∕𝑐 + 𝑢̂ . Close to the free surface, both
contributions are of the same sign, with the disturbance ﬂow enhancing
transport due to swimming. Near the bottom wall, they have opposite
signs, and the competition between both eﬀects dictates the net direction of motion. Due to the no-slip condition at the wall, we ﬁnd that 𝑈̂ 𝑛𝑒𝑡
is slightly negative at the wall, corresponding to the well-known phenomenon of upstream swimming [4,7]. As shown in Fig. 2, additional
eigenmodes can also become unstable and involve more complex concentration, alignment and velocity proﬁles; these higher-order modes,
however, have weaker growth rates.
The critical level of activity 𝛼 c required for these spontaneous ﬂows
to emerge, or marginal stability limit, is plotted vs Pe in Fig. 3, where
we also compare it to the case of a planar channel with two no-slip
walls [19]. As anticipated, 𝛼 c < 0 indicating that only pusher suspensions exhibit instabilities. In both cases, the level of activity needed for
instability increases with conﬁnement as measured by Pe, which is to
be expected as viscous damping is more signiﬁcant in narrow systems.
Unsurprisingly, spontaneous ﬂows arise more easily in the presence of
a free surface than between two no-slip plates, as the latter cause more
dissipation. In very thin ﬁlms, 𝛼 c appears to asymptote to a constant
value independent of Pe.
5.2. Two-dimensional perturbations
We now turn our attention to two-dimensional perturbations for
which K > 0. Our numerical solution of the eigenvalue problem was ﬁrst
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Fig. 3. One-dimensional marginal stability limit, showing the critical activity
parameter 𝛼 c required for the onset of instabilities as a function of the swimming
Péclet number Pe for two diﬀerent cases: a ﬂuid ﬁlm with a rigid wall at the
bottom and a free interface on top, and a straight channel with two rigid walls
[19]. Parameter values: Λ = 0.5, 𝛽 = 1.

Fig. 5. Same quantities as shown in Fig. 4, for a higher activity level: 𝛼 = −100.
For this value of 𝛼, the ﬁlm is unstable with a positive growth rate S > 0. The
interface deﬂection is as shown in Fig. 1, with a crest on the left and a valley on
the right.

at the crest. The coupling of self-propulsion with the perturbed interface
shape along with base-state gradients of the orientational moments promote a decrease in the wall-normal polarization near the peaks of the
free surface and an increase near its valleys; streamwise polarization,
on the other hand, is maximum at the nodes in between them. In the
low-activity case of Fig. 4 (𝛼 = −1), the active forcing resulting from nematic alignment is fairly weak but is seen to have a destabilizing eﬀect,
with an upward push below the interface crest and a downward pull in
the valley; this active body force, however, is not suﬃcient to overcome
the stabilizing eﬀect of surface tension, and the ﬂow ﬁeld indeed shows
opposite trends with a downward velocity near the crest and an upward
velocity near the valley. As a result, the system is stable and the interface is expected to return to the ﬂat base-state conﬁguration. In the more
active case of Fig. 5 (𝛼 = −100), active stresses are signiﬁcantly stronger
and thus able to overcome capillary forces. This results in a change in
the direction of the disturbance ﬂow, which further reinforces shear nematic alignment and leads to an instability, with a net upward ﬂow in
the crest of the interface.
More quantitative results are provided in Fig. 6, where the stability of
the system is explored in terms of the various dimensionless parameters.
The numerical dispersion relation, showing growth rate S as a function
of wavenumber K, is shown in Fig. 6(a) for diﬀerent levels of activity.
The growth rate is found to plateau at small values of K, indicating
a long-wave instability in agreement with predictions for unbounded
systems [14]. As K ≳ 1, the growth rate begins to drop and ultimately
becomes negative as capillary forces overcome the destabilizing eﬀect of
active stresses. Unsurprisingly, stronger activity results in larger growth
rates, and also allows for a wider range of wavenumbers to become
unstable.
The eﬀects of active capillary number Caact and Péclet number Pe
are explored in Fig. 6(b). Caact can be interpreted as the ratio of destabilizing active forces over stabilizing capillary forces. As a result, the
growth rate S is an increasing function of Caact , and typically transitions from negative to positive values as the system becomes unstable.
More interesting and less obvious is the dependence on Pe, which is a
measure of conﬁnement. Increasing Pe, i.e., decreasing ﬁlm thickness,
results in enhanced viscous damping due to the bottom no-slip wall.
Furthermore, it also causes the two accumulation layers at the wall and
free surface to merge, eﬀectively enhancing the role of diﬀusion. This
results in a smoothing of the concentration, polarization, and nematic
alignment gradients in the base state. As a consequence of these two

Fig. 4. Dominant two-dimensional eigenmode in a ﬁlm of a pusher suspension with parameters 𝛼 = −1, 𝐺 = 0, 𝐶𝑎𝑎𝑐𝑡 = 10, 𝐾 = 1, 𝑃 𝑒 = 1, Λ = 0.5, 𝛽 = 1.
For these parameters, S < 0 and the ﬁlm is stable. The interface deﬂection is
as shown in Fig. 1, with a crest on the left and a valley on the right. The panels
̂ , (c) active forcing term
show: (a) concentration ﬁeld 𝑐̂, (b) polarization ﬁeld 𝐦
̂ in the Stokes equations, and (d) ﬂuid velocity 𝐮̂ . In all cases, colors (blue
𝛼∇ ⋅ 𝐃
to red) correspond to the magnitude of the ﬁeld. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version
of this article.)

tested in the case of 𝛼 = 0 (passive liquid ﬁlm with no microswimmers),
which can be solved analytically as shown in Appendix B and is unstable for G < 0 (inverted ﬁlm). Perfect agreement between theory and
numerics was found in this case. We ﬁrst discuss results in the absence
of gravity (𝐺 = 0), and as in the case of one-dimensional perturbations
we ﬁnd that instabilities arise only in suspensions of pushers (𝛼 < 0) and
at suﬃciently high levels of activity. Figs. 4 and 5 illustrate the eigenmodes corresponding to the largest growth rate for two levels of activity:
𝛼 = −1 (stable), and −100 (unstable). In both cases, the interface deﬂection is as shown in Fig. 1, with a crest on the left and a valley on the
right. Under this deﬂection, particles get squeezed near the valley resulting in a peak in the concentration ﬁeld 𝑐̂, whereas a depletion manifests
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Fig. 7. Dependence of the growth rate on the level of activity 𝛼 for diﬀerent
values of G. Note that we are studying the stability of an inverted ﬁlm (negative
gravity). In this case, activity tends to stabilize the ﬁlm for pullers. Parameter
values: 𝐶𝑎𝑣𝑖𝑠 = 1, 𝐾 = 1, 𝑃 𝑒 = 1, Λ = 0.5, 𝛽 = 1.

pensions, we now consider their eﬀect on the gravitational instability
of an inverted ﬁlm in which G < 0. In the absence of swimmers, such
ﬁlms destabilize by the classic Rayleigh-Taylor instability, with a positive growth rate at long wavelengths that can be calculated analytically
as shown in Appendix B. When puller particles are added, a decrease in
growth rate occurs as a result of activity as shown in Fig. 7. At very high
activity levels, the growth rate in fact becomes negative, showing that
puller suspensions have the ability to stabilize gravitational instabilities
by nematically aligning and exerting active stresses that counteract the
gravitational body force. This curious ﬁnding highlights the subtle effect of active stresses in puller suspensions, which have received limited
attention in past work.

Fig. 6. Stability of the system as a function of the dimensionless parameters
of the problem: (a) Growth rate S as a function of wavenumber K for three
diﬀerent values of the activity parameter 𝛼. Parameter values: 𝐺 = 0, 𝐶𝑎𝑎𝑐𝑡 =
10, 𝑃 𝑒 = 0.5, Λ = 0.5, 𝛽 = 1. (b) Growth rate S as a function of the active capillary number Caact for three diﬀerent values of the Péclet number Pe. Parameter values: 𝐺 = 0, 𝛼 = −30, 𝐾 = 1, Λ = 0.5, 𝛽 = 1. (c) Growth rate S as a function of the activity parameter 𝛼 for four diﬀerent values of the Bretherton constant 𝛽, with 𝛽 = 0 and 1 corresponding to spheres and slender swimmers, respectively. Parameter values: 𝐶𝑎𝑎𝑐𝑡 = 100, 𝐺 = 0, 𝐾 = 1, 𝑃 𝑒 = 0.2, Λ = 0.5. Solid
symbols and empty symbols correspond to unstable and stable systems, respectively. (d) Marginal stability, showing the critical activity level 𝛼 c for instability
as a function of Péclet number Pe for three diﬀerent values of the swimmer
parameter Λ. Parameter values: 𝐺 = 0, 𝐶𝑎𝑎𝑐𝑡 = 0.1, 𝐾 = 1, 𝛽 = 1.
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eﬀects, increasing Pe tends to stabilize the system, and this trend is especially visible at low values of Caact .
As discussed previously, instabilities arise from active stresses, which
hinge on the nematic alignment of the microswimmers in their selfgenerated ﬂuid ﬂows. To conﬁrm this mechanism, we consider the effect of swimmer shape in Fig. 6(c), where the growth rate is plotted as
a function of 𝛼 for diﬀerent values of the Bretherton constant 𝛽, ranging from spheres to needles. In the case of spherical swimmers (𝛽 = 0),
reorientation comes from vorticity only, and thus nematic alignment is
very weak, being induced by the presence of the boundaries rather than
by the ﬂow. Consequently, active ﬂows are weak too and we ﬁnd that
the system is always stable regardless of the value of 𝛼. Departures from
the spherical shape lead to swimmer reorientation by both the local vorticity and rate of strain, resulting in more signiﬁcant nematic alignment
and active stresses. This results in a positive growth rate in pusher suspensions at high activity levels, which increases as the aspect ratio of
the particles increases (𝛽 → 1).
The transition to instability is further characterized in Fig. 6(d),
where we show the marginal stability curves as functions of Pe for different values of Λ. Increasing either Pe (conﬁnement) or Λ (diﬀusion)
tends to smooth out gradients in nematic alignment, and hence the critical level of activity increases in absolute value. Interestingly, 𝛼 c does
not plateau at large Pe as in the case of one-dimensional perturbations in
Fig. 3. We attribute this diﬀerence to the recirculating ﬂows that emerge
in two dimensions, which are more strongly damped by viscous eﬀects
as ﬁlm thickness decreases.
In all the results presented so far, we found that suspensions of pushers can destabilize active ﬁlms at suﬃciently high values of |𝛼|, whereas
pullers do not. To further emphasize the stabilizing quality of puller sus-
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Appendix A. Analytical solution for the equilibrium state
We derive an analytical solution for the equilibrium conﬁguration
inside the ﬁlm, which also serves as base state for the linear stability
analysis. In this conﬁguration, there is no ﬂuid ﬂow (𝑢0 = 𝑤0 = 0) and
0 =
the variables only depend on z. Symmetry also dictates that 𝑚0𝑥 = 𝐷𝑥𝑧
0 = 0. In the base state, both boundaries are equivalent, leading to a
𝐷𝑧𝑥
symmetric distribution across the ﬁlm which is identical to that between
two rigid plates [4]. Consequently, it is convenient in the following calculation to choose the origin for the z axis at the ﬁlm centerline.
Pressure gradient
In the base state, a pressure gradient develops to balance the gravitational body force and normal active stresses. In dimensionless form,
the z momentum equation is written
𝑑𝐷𝑧𝑧
𝑑𝑝0
=𝛼
− 𝐺.
𝑑𝑧
𝑑𝑧
0

(A.1)

Orientational moments
After simpliﬁcations, the governing Eqs. (21)–(23) for the orientational moments read
−𝑃 𝑒
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𝑑𝑚0𝑧
𝑑𝑧

+ Λ𝑃 𝑒2

𝑑2𝑐0
= 0,
𝑑𝑧2

(A.2)
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(
−𝑃 𝑒

−

0
𝑑𝐷𝑧𝑧

𝑑𝑧

+

𝑑𝑐 0

)

1
3 𝑑𝑧

+
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𝑑 2 𝑚0𝑧
Λ𝑃 𝑒2
𝑑𝑧2

− 2𝑚0𝑧 = 0,

The constants cp , A2 and A3 are determined using conditions (A.6)–
(A.8):
(
)
𝜈 sinh 𝜈2 Λ2 𝑃 𝑒2 𝜈 2 − 2Λ − 3∕5
𝐴2 =
,
(A.17)
Ω1 − Ω 2
(
)
𝜁 sinh 𝜁2 Λ2 𝑃 𝑒2 𝜁 2 − 2Λ − 3∕5
𝐴3 = −
,
(A.18)
Ω1 − Ω 2
[
]
𝜁
𝜈
𝑐𝑝 = 6Λ 𝐴2 cosh + 𝐴3 cosh ,
(A.19)
2
2

(A.3)

0
0
𝑑 2 𝐷𝑧𝑧
4𝑃 𝑒 𝑑𝑚𝑧
0
+ Λ𝑃 𝑒2
− 6𝐷𝑧𝑧
= 0,
15 𝑑𝑧
𝑑𝑧2

(A.4)

subject to the following no-ﬂux conditions at the solid-ﬂuid and air-ﬂuid
interfaces:
𝑑𝑐 0
1
= 0 at 𝑧 = ± ,
𝑑𝑧
2
0
(
)
𝑑𝑚
1
1
𝑧
0
−𝑃 𝑒 𝐷𝑧𝑧
+ 𝑐 0 + Λ𝑃 𝑒2
= 0 at 𝑧 = ± ,
3
𝑑𝑧
2
−𝑃 𝑒𝑚0𝑧 + Λ𝑃 𝑒2

𝑑𝐷𝑧𝑧
4𝑃 𝑒 0
𝑚 + Λ𝑃 𝑒2
=0
15 𝑧
𝑑𝑧
0

−

where

(A.5)

(
)
]
[
𝜁
𝜁
𝜈
2
6Λ cosh + sinh
× Λ2 𝑃 𝑒2 𝜈 2 − 2Λ − 3∕5 ,
(A.20)
2
2 𝜁
2
) [
]
𝜁(
𝜈 2
𝜈
Ω2 = 𝜁 sinh
(A.21)
6Λ cosh + sinh
× Λ2 𝑃 𝑒2 𝜁 2 − 2Λ − 3∕5 .
2
2 𝜈
2
The analytical solution obtained here was compared to a numerical solution of the governing equations obtained by ﬁnite volumes, and perfect
agreement was found.
Ω1 = 𝜈 sinh

(A.6)

1
at 𝑧 = ± .
2

(A.7)

To close the system, we also impose the normalization condition:
1∕2

∫−1∕2

𝑐(𝑧)𝑑𝑧 = 1.

(A.8)

Appendix B. Stability analysis for a passive liquid ﬁlm

Integrating Eq. (A.2) and making use of Eq. (A.5) to determine the constant of integration, we get:
𝑚0𝑧 (𝑧) = Λ𝑃 𝑒

𝑑𝑐 0
,
𝑑𝑧

In this appendix, we carry out the linear stability analysis for a passive viscous ﬁlm in which no microswimmers are present. In this case,
the analysis is performed directly on the Stokes equations (24)–(26) and
boundary conditions where we set 𝛼 = 0, and is amenable to an analytical solution. Taking the divergence of the momentum equation shows
that the pressure is harmonic, with general solution

(A.9)

which states that the vertical swimming and diﬀusive ﬂuxes are everywhere balanced in the ﬁlm [4]. Plugging this result into Eq. (A.3) and
integrating again yields:
0
𝐷𝑧𝑧
( 𝑧 ) = Λ2 𝑃 𝑒 2

(
)
𝑑2𝑐0
1 0
𝑐 − 𝐴1 ,
− 2Λ +
2
3
𝑑𝑧

𝑝̂ = 𝐶𝑝1 e𝐾𝑧 + 𝐶𝑝2 e−𝐾𝑧 ,

where Cp1 and Cp2 are constants of integration. Plugging this solution
into Eqs. (25)–(26) and integrating yields expressions for the velocity
eigenfunctions 𝑢̂ and 𝑤̂ :

(A.10)

where A1 is a constant of integration. Eqs. (A.9) and (A.10) express
both the wall-normal polarization 𝑚0𝑧 and nematic order parameter
0 in terms of the concentration ﬁeld c0 . To determine c0 , we insert
𝐷𝑧𝑧
Eqs. (A.9) and (A.10) into Eq. (A.4) and rearrange terms to obtain a
fourth-order non-homogeneous diﬀerential equation:
) 𝑑2𝑐0
6𝐴1
𝑑4𝑐0 ( 2
− 𝜁 + 𝜈2
+ 𝜁 2𝜈2𝑐0 = −
,
4
𝑑𝑧
𝑑𝑧2
Λ3 𝑃 𝑒 4

(B.2)

𝑤̂ = 𝐶𝑤1 e𝐾𝑧 + 𝐶𝑤2 e−𝐾𝑧 + 𝐶𝑤3 𝑧e𝐾𝑧 + 𝐶𝑤4 𝑧e−𝐾𝑧 ,

(B.3)

𝐶𝑢3 =

(A.11)

i𝐶𝑝1

𝐶𝑤3 =

2𝐾
𝐶𝑝1

(A.12)

𝐶𝑢1 =

𝐶𝑤1 = −

(A.14)

where cp is the particular solution, and A2 and A3 are constants of inte0 are then
gration to be determined. The general solutions for 𝑚0𝑧 and 𝐷𝑧𝑧
respectively:

(
)
0
𝐷𝑧𝑧
(𝑧) = 𝐴2 Λ2 𝑃 𝑒2 𝜁 2 − 2Λ − 1∕3 cosh 𝜁 𝑧
( 2 2 2
)
+ 𝐴3 Λ 𝑃 𝑒 𝜈 − 2Λ − 1∕3 cosh 𝜈𝑧.

(A.16)

i𝐶𝑝2
2𝐾
𝐶𝑝2

,

(B.4)

4𝐾 2
𝐶𝑝1 + 𝐶𝑝2

, 𝐶𝑢2 = −

i(𝐶𝑝1 − 𝐶𝑝2 )

4𝐾 2
𝐶𝑝1 + 𝐶𝑝2

,

(B.6)

, 𝐶𝑤2 =
.
(B.7)
4𝐾 3
4𝐾 3
We can now apply the kinematic boundary condition Eq. (19) as well
as the tangential and normal dynamic boundary conditions Eqs. (27)–
−1
(28), where we note that |𝛼|𝐶 𝑎−1
𝑎𝑐𝑡 = 𝐶 𝑎𝑣𝑖𝑠 . Upon inserting Eqs. (B.1)–
(B.3) along with relations (B.4)–(B.7), we arrive at a system of three
equations involving Cp1 , Cp2 , ℎ̂ and S:
[ 𝐾
]
[
]
e
sinh 𝐾
sinh 𝐾
e−𝐾
−
𝐶𝑝1 + −
+
𝐶𝑝2 = 𝑆 ℎ̂ ,
(B.8)
2𝐾 2
2𝐾 3
2𝐾 3
2𝐾 2
[
]
[
]
cosh 𝐾
cosh 𝐾
e𝐾 +
𝐶𝑝1 + e−𝐾 −
𝐶𝑝2 = 0,
(B.9)
𝐾
𝐾
]
[ 𝐾
]
[
]
[
4
ℎ̂ .
𝐾 e − cosh 𝐾 𝐶𝑝1 + −𝐾 e−𝐾 − cosh 𝐾 𝐶𝑝2 = − 𝐺𝐾 2 + 𝐶 𝑎−1
𝑣𝑖𝑠 𝐾

Taking into account the symmetry of the problem, the general solution
of Eq. (A.11) can be found as

(A.15)

𝐶𝑢4 = −

i(𝐶𝑝1 − 𝐶𝑝2 )

(A.13)

𝑚0𝑧 (𝑧) = 𝐴2 Λ𝑃 𝑒𝜁 sinh 𝜁 𝑧 + 𝐴3 Λ𝑃 𝑒𝜈 sinh 𝜈𝑧,

,

, 𝐶𝑤4 =
.
(B.5)
2𝐾 2
2𝐾 2
Applying continuity and the no-slip boundary condition at the bottom
wall provides four additional relationships:

(

𝑐 0 (𝑧) = 𝑐𝑝 + 𝐴2 cosh 𝜁 𝑧 + 𝐴3 cosh 𝜈𝑧,
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This expression is in agreement with the previous result of Yiantsios
and Higgins [49] in the special case of negligible air density and viscosity. The prefactor in this expression can be shown to be negative for
all values of K. The eﬀect of surface tension is therefore always stabilizing in planar ﬁlms, and the larger the wavenumber the stronger the
capillary restoring force. Gravity can be destabilizing in inverted ﬁlms
for which G < 0, corresponding to the Rayleigh-Taylor instability. The
eﬀect of gravity is strongest at low wavenumbers, with the buoyancy
force in inverted ﬁlms tending to pull the bulge of the interface further
down and amplify the shape perturbation. In this case, there is a critical
viscous capillary number 𝐶 𝑎𝑐𝑣𝑖𝑠 = 𝐾 2 ∕𝐺 for the instability to occur. In
the two limits of K → 0 and K → ∞, the dispersion relation simpliﬁes to:
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